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THE SPACE OF CLOSED CURVES ON THE SPHERE7 
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(Received 17 November 1967 ; revised 25 January 1968) 
IN THIS paper we are going to apply the recently developed new version [4] of Morse’s theory 
of the space of closed curves on a compact riemannian manifold to obtain the solution of an 
old problem, i.e., the determination of the Z,-homology of the space of closed curves on the 
n-sphere S”. Two previous attempts to do so, by Morse [7] and Bott [3], were not successful, 
as was pointed out in 1956 by &arc at the Topology Congress in Moscow, cf. [lo]. 
Actually, the method we are going to apply will be powerful enough to determine also 
the structure of the space of closed curves on other manifolds with a high degree of symmetry, 
e.g., the projective spaces over the different number fields. Cf. a forthcoming paper in 
Oxf. Math. J. We are not going into this here, however, since already the case of the sphere 
does provide all the necessary tools and methods to handle also these other cases. 
There is one other feature in this paper which might be of independent interest and 
therefore I wish to draw attention to it right at the beginning: This is the theory of lens 
space bundles. We will need the structure of the Thorn space of a lens space bundle. Since 
there does not seem to be an account of this subject in the literature we have included one 
in an appendix. Things turn out to be a straightforward generalization of the Thorn space 
of the projective bundle of a vector bundle. 
In 81 we first recall the basic definitions and properties of the space A(M) of para- 
metrized closed curves on a compact riemannian manifold M. A = h(M) is a Hilbert 
manifold on which there is defined intrinsically a riemannian metric and a differentiable 
function, the energy integral E. 
An important fact is that the critical points of E are just the closed geodesics on M, with 
parameter proportional to arc length. 
The vector field - grad E satisfies the condition (C) of Palais and Smale ([8], [9]) which 
allows to extend the Morse-Lusternik-Schnirelman theory of a differentiable function on a 
finite dimensional manifold to a Hilbert manifold. In particular, the vector field -grad E 
can be integrated for all t 2 0 and therefore defines, for all t 2 0, an E-decreasing deforma- 
tion 4, : A + A. Whereas in the classical theory of Morse [7] length-decreasing (and therefore 
also E-decreasing) deformations were defined only with the help of subdivisions of the 
t The final version of this paper was prepared with the support of National Science Foundation grant 
NSF-GP5803. 
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closed curves, i.e., in a non-intrinsic manner, this new version of the theory gives these 
deformations intrinsically. Therefore, it will preserve all the intrinsic properties of M. In 
particular, the isotometry group of M will operate as isometry group on A(M) and such that 
E is being preserved. The Morse theory on A(M) therefore will be equivariant with respect 
to the isometry group of M, operating on A(M). 
The natural action of the orthogonal group O(2) on the circle induces a continuous 
left action on A(M). The quotient space II = II(M) = A(M)/0(2) is called: space of 
unparametrized closed curves on M. The left action of O(2) is compatible with the metric 
and the function E on A, i.e., our Morse theory on A is equivariant with respect to the 
action of O(2). We therefore speak also of the Morse theory on the space II. 
The main topic of 81 is the study of a non-degenerate critical submanifold B in 
A = A(M). We assume that all elements of B have the same isotropy group with respect to 
the left O(2)-action, say, the cyclic group Z, of order q. Moreover, B shall contain all critical 
O(2)-orbits at the E-level c and the orbit space of B shall be connected. Then there exists 
a well-defined so-called negative bundle pL- over B having the property that A” mod A’- 
(i.e., the space off EA with E(f) 5 c mod the space off EA with E(f) < c) has the same 
homotopy type as the Thorn space Tp- of p-. This makes use of results of Meyer [6] and 
Wasserman [ 111. 
Since all the operations in A can be performed equivariantly with respect to the left 
O(2)-action, this result yields also a description of the homotopy type of the space 
II’ mod IY- : The homotopy type is given by the Thorn space of the quotient bundle 
y-/O(2). This latter bundle can be written as the quotient v-/Z, of a vector bundle v- 
over A = B/0(2) modulo a action on v- of the isotropy group Z, of B. This is the reason 
why we are led to investigate the Thorn space of lens space bundles, as we did mention it 
above. 
In §2 we apply our results to the study of A(S). Here we make essential use of the fact 
that the isometry group O(n + 1) of S” operates also on A(S”) and that all operations on 
A(,!$‘) can be carried out equivariantly with respect to this O(n + 1)-action. Moreover, we 
use, of course, the fact that we know all the critical submanifolds in A@“)-they are being 
formed by the families of q-fold covered great circles, q = 1, 2, . . . . We also can determine 
precisely the structure of the negative bundle of these critical submanifolds. 
Finally, in 93, we use all our information, together with our results on the structure of 
the Thorn space of a lens space bundle, to determine the Z,-homology of II@“). 
The results of this paper were announced in [5]. 
$1. THE SPACES h(M) AND II(M) 
1.1 We recall first the definition and the basic properties of the space A = A(M) of para- 
metrized closed curves of a compact riernannian n~anifold M, cf. [4]. 
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The elements of A(M) are the absolutely continuous maps 
f : s1 = co, l]/(O, l> -+ M 
of the parametrized circle S” into M for which 
i 
d (f’(f),f”(t)) dt exists. 
A(M) carries a canonically defined structure of a Hilbert manifold, modeled after the 
Hilbert space A(R”), n = dim 44. 
The riemanllian metric (,> on M determines a riemannian metric ((,>> on A(M) which 
is given by 
W, -0 = j;W(0:df, DX(0ld0 + (X(t), x(f)> dr. 
Here, X = (X(t)) is an element of the tangent space AJ of an elementfe A, i.e., a vector field 
along the closed curvef= (f(t)) with square integrable covariant derivative DX/dt. 
We put <X,X> = l/Xl12. 
A is complete with respect o the metric d, , derived from the riemannian metric on A. 
In addition, we have from the riemannian metric on M a real valued positive differential 
function E on A, given by E(f) = (i/2) Ji (f’(t),f’(t)) dt. E(f) is called the energy 
integral or action off. 
The associated negative gradient vector field -grad E satisfies the condition (C) of 
Palais and Smale [8], [9] : If (f,) is a sequence on A such that E(f,) is bounded and the sequence 
(/Igrad E(f,)/l) is not bounded away from 0 then (jJ possesses a convergent subsequence. 
The limit of such a convergent subsequence is of course a critical point, i.e., a point 
f EA with grad E(f) = dE{f) = 0. The critical pai~fs have a special geometric meaning: 
They are just the closed geodesics on M, kth parameter proportionu~ toUPC length. 
Among the consequences of the condition (C) is that the integral curves of the vector 
field -grad E do exist for all f 2 0. They therefore define, for all t 2 0, a deformation 
4, : A -+ A. The E-value of all elements fE A is thereby decreased effectively, except for the 
critical points. 
For c E R, we denote by A’ and A’- the subspace of A formed by the f with E(f) 1 c 
and E(f) < c, respectively. 
Among the critical points we have in particular the point curves. They form the 
submanifold _A0 of A, isomorphic to M. If e > 0 is sufficiently small (e.g., so small that there 
are no non-trivial closed geodesics of E-value I; e on M) then A” possesses A* as strong 
deformation retract, the deformation being given essentially by 4,. 
1.2 On the space A = A(M) we have from the natural operation of the orthogonal group 
O(2) on S1 the following left operation on A : 
(cr,f) E O(2) x A+w f 0 M--I E A. 
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This operation is continuous. We therefore get a well-defined quotient space 
II = II(M) = A(M)/0(2), called space of unparumetrized closed curves on h4. The quotient 
map will be denoted by n : A + II, 
We have on II a metric dn , induced from the metric d, , which is given by 
d&, s*) = inf{d,U, f*) I nf = 9, @* = s*>. 
The important fact about this left operation of O(2) is that it leaves the function E and 
the riemannian metric (( , >> on A invariant. Hence, also -grad Eis carried into itself, and the 
E-decreasing deformation 4, is equivariant. We therefore will agree to speak of the function 
E and the vector field -grad E also as being defined on II(M), although this is of course 
not a manifold. We will also speak of critical points on II, this being unparametrized closed 
geodesics. The E-decreasing deformation on II, induced from the deformation 4, on A, will 
be denoted by 1+9,. 
If the isotropy group of a curveyE A is the cyclic subgroup Z, c SO(2) of order q then 
we call f a q-fold covered curve or a curve of multiplicity q. For such a curve we have 
f(t + l/q) =f(t), for all t E S’. The associated unparametrized curve g = rc(f) will also be 
called q-fold covered. If the isotropy group is Z, = identity, thenJwil1 also be called prime. 
The isotropy group of a non-trivial closed geodesic is always a cyclic group Z, . Such a 
curve is prime if and only if it has only finitely many multiple points in M, i.e.,f(t) = f(t *) 
for only finitely many different pairs (t, t *) of S’. 
1.3 Let f be a critical point of A = A(M) i.e. a closed geodesic on M. To study the 
integral curves of -grad E near f, one introduces the Hessian d2E(f) at f. That is to say if 
q5 : R x R --f A : (r, s) is a singular square around f with +(O, 0) = f, then one .looks at the 
second order term of the Taylor series of E($(r, s)) at 5 Putting X = i@(O, 0)/h, 
Y = &$(O, 0)/h, one finds then for this term the expression 
H,W, Y> = ~$WO/df, ~Y(OlW - <WXW-‘(O)f’(O, Y(t)> dl 
where R( , ) is the curvature tensor. The symmetry follows from the identity 
<R(X, TV, Y> = <R(Y, TV’, X>. 
The map: (X, Y) E A/ x AJ* Hf(X, Y) is called index form ofJ 
The index form is a continuous, bounded symmetric form in the Hilbert space A,. One 
can diagonalize it, with respect to the metric (( , > onAJ . This amounts to finding the eigen- 
vectors of H = H/ with respect to (( , >, i.e., finding the non-zero XEAf with H(X, Y) = 
A((A’, Y>>, for all YE A,. 
The geometric interpretation of such an eigenvector X with eigenvalue 1 is that the 
vector fied -grad E along a curve b(r) in A which starts from 4(O) = f with initial vector 
d&O)/dr = X looks, up to terms of higher order, like -rAX. More precisely, for every 
Y(r) E A+,Cr, there holds the relation ((grad E(+(r)), Y(r))) = rA((X, Y(O)>> + o(r). 
Let now B be a compact submanifold of A, consisting entirely of critical points, and 
having the following properties: 
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(i) B is closed under the operation of O(2). 
(ii) All elements of B have the same E-value. 
(iii) All elements of B have the same multiplicity. 
Then we shall call B a critical submantfold of A. 
For example, the O(2)-orbit of a critical point f = (f(t)), consisting of the elements. 
(f (+ t + c)), c E S I, is a critical submanifold. 
For an element f of a critical submanifold B we consider the index form Hf. The 
tangent space B, of B at f belongs to the subspace of the tangent space A, of A at f spanned 
by the eigenvectors of eigenvalue 0, i.e., for all X E Bf and all YE A, we have H/(X, Y) = 0. 
Let B,’ denote the normal space of B at J The critical submanifold is called non- 
degenerate if H, , restricted to B,‘-, is invertible. 
This is a generalization of Bott’s concept [3] of a non-degenerate critical submanifold 
of a finite dimensional manifold, cf. Meyer [6] and Wasserman [Ill. 
Let B be a non-degenerate critical submanifold such that B/0(2) is connected. Then we 
have a splitting of the normal bundle p of B into a Whitney sum /J = ,u- 8 pL+ where ,a- and 
p+ denote the subbundles of which the fibres are generated by the eigenvectors with negative 
and positive eigen-value, respectively. This splitting is compatible with the O(2)-action. 
Let BP* denote the disc bundle of p* and a&* its sphere bundle. The Thorn space 
&I* mod a&* will also be denoted by Tu*. 
The main result of the theory is now the following generalization of Bott’s result [3] to 
the equivariant Hilbert case, cf. Wasserman [ 111, Meyer [6]. 
THEOREM. Let 0 s a < c < b be such that c is the only critical value of E on A = A(M) in 
the interval [a, b] and assume that the criticalpoints in E -l(c) form a non-degenerate critical 
submanifold B which is connected mod O(2). 
Then we have the Whitney decomposition of the normal bundle .t.t of B into its negative 
and positive parts: u = ,u- @ uf. 
A\” is equivariantly difSeomorphic to a submanifold with boundary, denoted by A” u H, 
h 
which contains 11” as submantfold and such that the following holds: There exists an equivariant 
homeomorphism h of DuL- 0 Du’ onto a closedsubset H of A” u Hsuch that h 1 aLip_ @ Dp’ 
and h 1 DuL- 0 Dpi are equivariant dtreomorphism onto aAa n H and A” u H - A”, respec- 
h 
lively. 
Since the zero cross section 0~’ of I”+ is a strong equivariant deformation retract of 
B,u+ A” U H contains A” U (Dp- Q 0~‘) as strong equivariant deformation retract. Con- 
h h 
sequently, (A”, Ab) as the same cohomology ring (with Z,-coefficients) as the Thorn space 
Tu- of the negative bundle ,u-. Hence: 
COROLLARY. H*(Ab, Aa) = H*(Tu-). 
1.4 We maintain the assumptions and notations of 51.3. Our goal in this section is to prove 
the following 
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LEMMA. Let z(B) = A be the non-degenerate connected critical submanifold in Il of 
unparametrized closed geodesics where B is the base manifold of the bundle p = p’ @ pL-. 
There exists a well-determined bundle v = v- @ v+ over A with a well-determined linear 
Z,-action on the jibres of v- and v’ which is the identity on A. Let v/Z, : E(v)/Z, + A 
denote the quotient of v by this Z,-action. Then we can describe n(p*) as v’/Z,, i.e., we have 
the following commutative diagram: 
E(,u*)AE(v’/Z,) = E(v’)/Z, 
I I 
B z-+ A 
To see this, we first observe that we can 7~ 1E(p) factor as follows: 
E(p)* E(p)/Z,= n(E(p)) 
I 
id I /O(2) 
1 
B-B-A 
Here, the first arrow denotes the quotient map with respect to the action of the isotropy 
group Z, of B and the second one is the quotient with respect to the induced action of 
O(2). That is to say, the maps are given by 
(f(t), X(t))* U(t), X(t + p/q) IO 5 P < 41 
a++ { (ft+c),X(1t+c+p/qIO<p<qandc~S’}. 
Here, the { } denote equivalence classes with respect to the group actions. 
We define the total space of the bundle v over A as {f (+ t + c), X( + t + qc) 1 c E S’}. 
Then we have the commutative diagram 
(f(t), X(t))- {f(~t+c),X(+t+qc)IcES1) 
I 1 
(f(t))- If(+t + c)lc E s’> 
i.e., we have the commutative diagram 
E(,u)=E(v) 
1 /O(2) 1 
B-A 
which shows that we can view p as the bundle induced from the bundle v by the quotient map 
z:B+A. 
On E(p) and E(v) we have Z, acting in the form: 
(f(t), Jxt)) -+ (f(t), J3t + P/4)) 
and 
{f(+t+c>,X(ft+qc)IcES1} -JLzR/‘{f( r!I t + c), X( f t + qc + p/q) I c E sl>. 
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This action is compatible with the bundle map /O(2) : p -VW v and identifies E(v)/Z, with 
+%)). 
Since all our constructions are compatible with the decomposition p = .uL- @ ,u+, we 
have proved the Lemma. 
1.5 We use these results to formulate the following theorem. Dv/Z, denotes again the disc 
bundle of v/Z,. 
THEOREM. Let 0 5 a < c < b be such that c is the only critical value of E in the interval 
[a, b] and assume that the critical points in rI n E-‘(c) form a non-degenerate connected 
critical submanifold A. 
There exists a Hilbert bundle v over A which is split into the direct sum v- @ v’ and on 
which the isotropy group Z, of B = z-‘(A) is acting as identity on A and linearly on the$bres 
of v- and v’. Let v/Z, = v-/Z, @ v’/Z, denote the quotient bundles. 
Then IIb is homeomorphic to a subspace l-I” u J of lib which contains Ila as closed 
subspace such that the following holds: There exists a homeomorphism ,j of Dv-/Z, @ &‘/Z, 
onto a closedsubset Jof III” u Jsuch thatjl dav-/Z, @ Bv’lZ,andjlDv-/Z, @ Bv’JZ,are 
homeomorphic to XI” n J anh IF U J -KS’, respectively. 
i 
We call v-/Z, also the negative bundle over A. 
This follows simply from the Theorem (1.3) and the description of 711 E(p) in 91.4 and 
from the fact that the attachings in $1.3 are being done equivariantly with respect to the 
left O(2)-action on A. 
Since the zero section Ov+Z, of v+/Z, is a strong deformation retract of Dv-/Z,, 
II” U J contains II’ U (BY/Z, + Ov ‘/Z,) as deformation retract. Consequently, the 
i i 
Z,-cohomology of (IT”, TI’) is given by the cohomology of the Thorns pace TV-/Z, = 
(ih-lz,, ah-/z,) 0f V-/Z,: 
COROLLARY. H*(IIb, II’) = H*(Tv-/Z,). 
The determination of the cohomology of the Thorn space of a bundle of the type 
v-/Z, is done in the appendix. 
92. THE SPACE ii(S,) 
2.1 We take now as riemannian manifold M the n-sphere S” of constant curvature 
K = 2~‘. Here, all the closed geodesics are known: Besides the trivial closed geodesics which 
form the submanifold A0 = S”, there are the q-fold covered great circles. 
The set B, of q-fold covered great circles forms a manifold which is isometric to the 
Stiefel manifold V(2, n - 1) of orthonormal 2-frames in R”+‘. For f E B, we have 
(f’(t), f ‘(t)) = 4n2q2/K = 2q2, hence E(f) = q2. 
The curvature tensor in S” is of the form 
R(X, T)T = K((T, T)X - (X, T>T). 
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Therefore, we find for the index form H/ the following expressions: 
forf E ho : H,(X, Y) = /t(DX(t)/d& DY(t)/dt) dt 
for f E B, : H,(X, Y) = jt(DX(t)/df, DY(t)/dt) - 47~~4~(X(t), Y(t)) + 
2~2(X(M-‘(~)>(Y(0J-‘(f)) dt. 
With this, it is easy to determine the eigenspaces of H, , i.e., the non-zero solutions X 
of H,(X, Y) = n((X, Y>>, for all YE Af. 
Take first the case fE A’. Then this condition becomes, if we assume X to be differenti- 
able, with a partial integration argument: 
(1 - I)D2X(t)/dt2 + /IX(t) = 0. 
On the other hand, if f E B, , then we get for the eigenvectors the equation 
(1 - n)D2X(t)/dt2 + (4n2q2 + /I)X(t) - 2z2(X(t), f ‘(t))f ‘(t) = 0. 
We call (-)-space, (0)~space and (+)-space off now the subspaces of A, which are 
generated by the eigenvectors of eigenvalue < 0, = 0 and > 0, respectively. Then the following 
lemma follows immediately from the previous description of the eigenvectors-note that the 
eigenvectors do span all of A, and actually give a Fourier representation of A/: 
LEMMA. (i) Let f E A0 = S”. 
Then the (-)-space is 0. 
The (0)-space is the n-dimensional space formed by the constant vector fields 
X = A E SY@, .
The (+)-space is the direct sum, over all r = 1, 2, 3, . . . , of the (2n)-dimensional spaces 
formed by the eigenvectors 
X,.(r) = A cos 2xrt + B sin 2nrt, A and B constant in STCo, 
which belong to the eigenvalue 1, = 4n2r2/(1 + 4n2r2). 
(ii) Let f E B, . 
Then the (-)-space is (2q - l)(n - I)-dimensional and is spanned by the following spaces: 
(a) The (n - 1)-dimensional space formed by the eigenvectors X = A = constant vector 
field alongf, with (A, f l(t)> = 0 which belong to the eigenvalue ,I = -4n2q2. 
(b) The (q - 1)(2n - 2)-dimensional spaces, formed by the eigenvectors 
X,(t) = A cos 27cpt + B sin 2npt, with (A, f ‘(t)) = (B,f’(t)) = 0, 
for 0 < p < q, which belong to rhe eigenvalue 
5 = (47c2p2 - 47?q2)/( 1+ 473p2). 
The (0)-space is (2n - I)-dimensional and is spanned by the following eigen-spaces: 
(a) The I-dimensional space formed by the vectors X(t) = cf’(t). 
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(b) The (2n - 2)-dimensional space formed by the eigenvectors 
X,(t) = A cos 2nqt + B sin 2nqt, with (A,f’(t)) = (B,f’(t)) = 0. 
The (+)-space is spanned by the following spaces: 
(a) The Hilbert sum, over all r = q + 1, q + 2, q + 3, . . . , of the (2n - 2)-dimensional 
spaces formed by the eigenvectors 
X,(t) = A cos 2nrt + B sin 2nrt, with (A,f’(t)) = (B,f’(t)) = 0 
which belong to the eigenvalue Ar = (4n2r2 - 4n2qz)/(1 + 4n2r2). 
(b) The Hilbert sum, over all s = 1, 2, 3, . . . , of the 2-dimensional spaces formed by the 
eigenvectors 
Z,(t) = (a cos 27~s t + b sin 27~s t)f’(t) 
which belong to the eigenvalue A, = 47t2s2/(1 + 471’s~). 
2.2 We reformulate the content of this lemma as follows: First, recall that V(2, n - 1) = 
O(n + l)/O(n - 1) is a representative of B,. The left action of O(2) on B, is just the usual 
action of O(2) on the Stiefel manifold V(2, n - 1) and therefore, the space rc(B,) = A4 of 
unpatametrized great circles of multiplicity q is isomorphic to the grassmann manifold 
G(2, n - 1) = O(n + l)/O(n - 1) x O(2) of 2-planes in R”+‘. 
Let r-r denote the canonical (n - I)-bundle over G(2, n - 1) for which the fibre over a 
2-plane R2 c R”+r, considered as element of G(2, n - l), consists of the (n - I)-space 
orthogonal to R2. 
Denote by r”‘-’ the tangent bundle of G(2, IZ - 1). 
The quotient map n : V(2, n - 1) + G(2, n - 1) induces bundles over V(2, n - l), 
stemming from p-l and t2n-2. We denote them by r”-’ and aZn-‘, respectively. 
With this, we can now give the following description of the negative bundle over B,: 
THEOREM. The non-trivial criticalpoints qfh = A(S”) decompose into the non-degenerate 
connected manifolds B, E V(2, n - l), which are formed by the q-fold covered great circles. 
E -‘(B,) = q2. 
The negative bundle pq- over B, is given by 
L$ =‘I n-1@a:“-2@...@6;[if2 
where the (q - 1) bundles u~~“-~, 0 < p < q, are isomorphic to the (2n - 2)-bundle a2*-‘. 
COROLLARY. H*(Tp,-) = ~(~q-~)(“-~) u H*(V(2, II - 1)). 
Remark. With 52.1, we can also obtain a description of the positive bundles over the 
critical submanifolds of A: The positive bundle pLo+ over A0 = S” is isomorphic to the 
Hilbert sum of bundles (7” 0 T”), where r” is the tangent bundle to S”. 
The positive bundle pL4+ over B, is isomorphic to the Whitney sum of the following two 
Hilbert sums: The first Hilbert sum is formed by bundles c’~-‘, the second one by bundles 
c1 @ C# where c# is isomorphic to the restriction of the tangent bundle of V(2, n - 1) to the 
O(2)-orbits. 
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The proof of the theorem is immediate from the previous results. The corollary is the 
standard expression for the cohomology of a Thorn space. 
2.3 Let fi be an element of O(n + 1). We consider the usual right action of /3 on S”. This 
inducesarightactionof~onh(S”)asfollows:f = (f(t))Eh(S”)-w,+fOfl = (f(t)o/?) EA(S”). 
PROPOSITION. The right actiorz of O(n + 1) on h(S”) is continuous and compatible with 
the energy E and the metric (( , >> on h(S”). 
COROLLARY. The deformations 4,) t 2 0, of A(S*) into h(S”) are equivariant with respect 
to the right O(n + I)-action on A(S”). 
That the O(n + 1)-action on h(S”) is continuous is evident, it is clear also that this 
action respects the function E and the riemannian metric on A(S”). 
2.4 We can now formulate the principal result in the structure of A = A(S”): 
THEOREM. The inclusion hornsmorphism Iiyc(Aq*-(S”)) -+ H.+(A4*(S”)), q = 1, 2, . . . , are 
injective. 
Consequently, H*(A(S”)) is the direct sum of H*(A’(S”)) = H,(S”) and H,(Aq’(,!P), 
Aq’-(9)) = H#&-) = H+-(2q_l~~n_1~(V(2, n - 1)), q = 1, 2, . . . . 
Remark. H*(A(S”)) was determined by &arc [IO] using the spectral sequence associated 
to the Serre fibration Q(S”) --+ A(S”) + S”. He even obtains the multiplicative structure 
which is given by 
H*(A(P)) = H*(S”) @ EZ*(Q(S”)). 
We have to prove that a non-trivial cycle of the Thorn space Tp,,- cannot be killed by a 
non-trivial cycle of the Thorn space Tp4-, q’ < q. For q’ = 0, Tp,,- is of course A’(S”) = S”. 
To see this we use the fact that the attaching of the killing cycle to the killed cycle can be 
done equivariantly with respect to the different group actions described in 52.3. 
Consider first the case q’ = 0. Then we have only to show that the n-cycle given by S” 
cannot be killed by a cycle of Tpq-, q > 0. But the cycle S” permits the full group O(n + 1) 
as automorphism group. Hence, the same must be true also for the base in B, of the killing 
cycle, i.e., the base must be all of B, . Therefore, the dimension of the killing cycle becomes 
2n - 1 + (2q - l)(n - 1) which is always >n -t 1 and cannot kill the n-cycle S”. 
We now assume q’ > 0. There are at least two ways to prove our claim. One would be 
the following: Consider the possible non-trivial cycles of B,, r V(2, n - 1): Besides the 
O-cycle, there is the zz-cycle formed by all f E B,, starting at a fixed point of S”, the (n + l)- 
cycle consisting of all f E B,. which are orthogonal to a fixed S”-l c S” and, finally, the 
(2% - 1)-cycle consisting of all elements of B,, . For dimension reasons, the (2q’ - l)(n - l)- 
cycle of Tp4#- consisting of one fibre cannot be killed by a cycle of Tpq- . Therefore, we have 
to consider only whether cycles of Tpqt- having as base in B,, one of the just-described cycles 
of dimension n, n + 1 and 2n - 1, respectively, can be killed. But each of these cycles has a 
high dimensional group of automorphisms which force the base in B, of the killing cycle to 
have at least the same dimension as the base in B,, of the killed cycle. But this leads now to a 
contradiction, since the difference of the fibres of pL4- and Pi,- is 2(q - q’)(n - 1) 2 2. 
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A second, more conceptual proof would go as follows: Recall that all attachings must 
be done equivariantly with respect to the left action of O(2). Now, on pL4 the subgroup 
Z, of O(2) operates as identity on the base B, and hence carries each fibre of pq into itself. 
This characterizes Z, among the finite cyclic subgroups of O(2). 
If now a non-trivial cycle of Tp4, - is being killed by a non-trivial cycle of Y’&, this will 
induce on the killed cycle of Tp4,- a Z,-action which actually is the same as the left action 
of Z,. But this Z,-action on Pi.- does not carry the fibres of p4,- into itself and therefore it 
does not induce intrinsically a Z,-action on the bundle vqP- over Aq. = rc(Bq,), cf. 51.4. On the 
other hand, the attaching being defined intrinsically, it must be such that it is compatible 
with the intrinsic association of the bundles vq- and v4,- to the bundles prl- and p4,-, respec- 
tively. This means nothing else but that under the attaching a fibre of & ought to go into a 
fibre of pFLBP-, which it does not, because the attaching must also be compatible with the left 
action of O(2) and, in particular, the left action of Z, c O(2). 
33. THE SPACE II 
3.1 We are going to determine the negative bundle v?-/Z, over the critical submanifold 
A4 = n(B,) of unparametrized q-fold covered great circles, in the sense of 51.5. For this we 
will need the description of the negative bundle pL4- over B,, as given in g2.2. Recall that 
r-’ denotes the canonical (n - 1)-bundle over the grassmann manifold G(2, n - 1) and 
r”‘-* the tangent bundle of G(2, n - 1). 
r*“-* is a ij(, - I)-bundle, in the sense of sA.2, since the 2-fold covering of G(2, n - 1) 
i.e., the space of oriented 2-planes in R”+l, is a U(n - I)-bundle. Hence, we can speak of the 
e2”Pi/q-action of Z, on Tag-* by which we mean that a generator of Z, acts as multiplication 
of e2npi/‘J on each fibre. 
THEOREM. The non-trivial criticalpoints of II = lYI(S”) decompose into the non-degenerate 
connected critical submanifolds A4 , isomorphic to G(2, n - l), which are formed by the q-fold 
covered unparametrized great circles. 
The negative bundle over A4 , vq-/Zq , is given by 
v,-/z, = i”-’ @ (Z:“-* 0 * * * 0 2,2Ep)/Z,. 
Here, $-*, 0 < p < q, is isomorphic to Tag- * and Z, operates with the e2”Pi/q-action on 
T2n-2 
P . 
Remark. It would easily be possible to give a corresponding description also of the 
positive bundle vz/Z, over A4 . 
For the proof of the theorem we first note that, according to s1.4 and g2.2, the bundle 
vq- over A4 is given by 
vq 
- = r”- 1 @ $I-* @ . . . @ p;2 
with $“-’ isomorphic to z*“-~. To determine the Z,-action on the summands of vp-, it 
suffices to determine the Z,-action on the summands of pq-, cf. 51.4. 
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From s2.2 and $2.1 we see: The Z,-action on $‘- ’ is the trivial action, hence, the same 
is true for the Z,-action on the corresponding bundle r-‘. And the Z,-action on cFe2 is 
the e2”Pi/q-action, and the same therefore holds for the Z,-action on the corresponding 
bundle v~-’ : Indeed, a typical element in the fibre of a:-’ over an element f E B, is given 
by 
X,(t) = A cos 2npt + B sin 2npt = Re(C e2npif), C a complex (n - 1)-vector. 
Hence, X,(t + l/q) = Re(e2npi’q C eznpit). 
COROLLARY. Let q = 2qoqI, q1 odd. Then 
H*(TV,- Z) = u(Zq- l)(n- 1) u H*(A,), for q,, = 0, and, for q0 > 0, 
= (u (2¶l-l)(n-1)+2 + IL(Zql-l)(n-1)+3 + . . . + U(2‘l-1)(~-~))y ff*(A,). 
This follows from the description of the homology of lens space bundles in gA.6. 
3.2 We can now formulate the main result of this paper which gives the Z,-homology of 
l-I = I-&Y”). 
THEOREM. The inclusion homomorphism H*(IIqz-(S”)) + H&‘Iq2(S”)) is injective, for 
al/q= 1,2,..., exceptn=2,q= 1. 
Consequently, H,(II(S”)) is the direct sum of H&I’(S”)) = H,(S”) and H,(lIq’(S”), 
IF’-(S”)) = H,(Tv,-/Z,), for all q = 1, 2, . . . except n = 2, where H2(S2) has to be omitted. 
COMPLEMENT. The structure of H*(Tv,-/Z,J is given in $3.1. In particular, ifq, is the 
greatest odd divisor of q, then the Poincart! polynomial of the jibre of TV,-/Z, is given by 
t&-‘)@I-‘), for q odd, and, for q even, by t(%-l)(n--1)+2 + t(k-l)(n-1)+3 + . . . t(+l)(n--l). 
Similarly as in the proof of s2.4 we have to show that no non-trivial cycle of Tv;/Z,, 
can be killed by a non-trivial cycle of TV,-/Z, , q’ < q. Here, for q’ = 0, v;/Z, is of course 
the O-bundle of II0 = 5’“. 
For the proof we use the fact that the attachings in II can be viewed as attachings in A 
for the counterimages under the quotient map rt, and that these attachings are being done 
equivariantly with respect to the group actions on A = A(S”), described in g2.3. 
Consider first the case q’ = 0. We only have to consider the case that the n-cycle given 
by S” is being killed by a cycle of TV,-. As in $2.4, the fact that the full group O(n + 1) 
acts as automorphism group on this cycle implies that the same must be true for the killing 
cycle, i.e., it must be formed by all of TV,-. That means that the killing cycle has dimension 
(2n - 2) + (2q - l)(n - 1) which is always >n + 1 except when n = 2 and q = 1. In this 
case, S2 is indeed the boundary of v1 -. 
Assume now q’ > 0. We present again two proofs, one involving a dimension argument, 
the other one completely conceptual. 
From 52.4 we know: If a cycle of Tv;/Z, is killed by a cycle of TV,-/Z, then, when 
lifting the attachings into the space A, the left action of Z, on the killing cycle will not be 
compatible with the Z,,-action on the killed cycle. Therefore, the killing cycle, restricted to a 
fibre, cannot be a cycle of dimension Iess than the fibre dimension; rather, it must be the full 
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fibre. But since the cycle also must be non-trivial, when restricted to the fibre, q must be odd. 
The same arguments, by interchanging the role of q’ and q, show that also q’ must be 
odd. Hence, the difference in the fibre dimension is 2(q - q’)(n - 1) 2 4(n - 1). The differ- 
ence in the base dimension is 2 -(2n - 2), hence the difference in the dimensions of the 
cycles is 22(n - 1) 2 2 which precludes any killing. 
A second proof simply would use the fact that a possible attaching of a non-trivial cycle 
of TV,-/Z, to a non-trivial cycle of Tv;/Z,, so as to realize the latter as the boundary of 
the first one would induce on the killed cycle an intrinsically defined Z,-action, stemming 
from the Z,-action on the bundle vq-, which is impossible. 
3.3 From 83.2 it follows in particular that the i-th Betti number Bi of IIq2 mod II0 goes to 
infinity, as q goes to infinity, for i 2 (n - 1) + 2. For i 5 n, the value of Bi is 1, for i = n - 1, 
and 0 otherwise. 
In the following Proposition we establish the asymptotic behavior of the coefficient 
bi of t’, i 2 n + 1, in the polynomial PP(IIq*, II’)/PP(A(S”)) formed by the quotient of the 
Poincart polynomials of the spaces I@ mod II0 and A(S”) = G(2, n - 1). First observe 
that every such i can be written uniquely in the form 
PROPOSITION. Let i 2 n + 1 be written in the form (*). Then the number bi is given 
asymptotically, for q to 00, by [(2qoq, + 1)/2] + log,(q/q,) where [x] denotes the greatest 
integer 5 x. 
For the proof we choose q in the form 2q”q, with 240 > 2i”q1. Clearly, it suffices to deter- 
mine the asymptotic behavior of bi for such q. 
From $3.2 we know that the Poincare polynomial of IIq2 mod II0 can be written, modulo 
the factor of the Poincare polynomial of A(S”), as the sum of the following two sums: 
5 rQql’-‘)(“-‘), 1 I qr’ < ql, ql’ odd, and 
c tml’-l)w)+2(1 _ t 
40’. 41’ 
2q1’(240’-‘)(“-1)-1)(1 - t>-‘, 1 5 qo’ < qo, 1 < ql’ < ql, 
ql’ odd. 
We have to check for which ql’ there occurs a term t’and then, how often this term does 
occur if we take the sum over qo’, 1 I qo’ _< q. . 
In the first sum the term t’occurs at most once and therefore can be neglected asympto- 
tically. In the second sum, the condition for the occurrence of the term ti, for a fixed ql’, is 
(2q,’ - l)(n - 1) + 2 I i = (2$O+‘qI - l)(n - 1) + u I (2qo’+ ‘ql’ - l)(n - 1) 
The right hand inequality restricts the number of qo’ I q. over which the sum has to 
be taken. The number of excluded qo’ is fixed, however, and therefore can be neglected 
asymptotically, as q. goes to co-i.e., the term ti, for a fixed ql’ and the sum over 
qo’, 1 I qo’ I qo, does occur asymptotically q. = log,(q/q,) times. 
408 WILHELM KLINGENBERG 
The left side inequality determines the number of ql’ which have to be considered. We 
can write it in the form 
1 5 41’ I2”“q, + (a - 2)/2(n - 1) < 2”“q, + 1 
The number of odd ql’ satisfying these conditions is [(2”Oq, + 1)/2]. 
APPENDIX: LENS SPACE BUNDLES 
A.1 Since there does not seem to exist in the literature an account of the lens space bundles, 
associated with a vector bundle, we are giving an outline of this theory which we need in 
53. Our main goal is to determine the Z,-cohomology of the Thorn space of a lens space 
bundle. 
We define the extended unitary group in n variables, @I), as such a subgroup of O(2n) 
which is the extension of the unitary group U(n), considered in the standard way as subgroup 
of 0(2n), by the element E = diag(E, , -I?,), E, the unit n-matrix. E describes the map of the 
complex structure determined by U(n) onto the conjugate complex structure. 
U(n) is an invariant subgroup of a(n). E can be characterized by the following relations: 
EXE -I = 6, for all t( E U(n) 
where 2 is the complex conjugate of CC, i.e., Cc = %-r. 
Whereas U(1) is the center of U(n), considered as subgroup of U(n) it consists of 
the elements q E a(n) which satisfy /Iv/I-’ = q or q, for all p E U(n). 
Since U(n)/U(n) = Z, , the classifying space BU(n) of U(n) is the 2-fold covering of the 
classifying space BUT(n) of U(n): 
(*) z, --) H-J(n) -+ BU(n). 
The associated fibering (cf. Bore1 [2]) is given by 
(**) BU(n) + BU(n) + BZ, 
since BU(n) x EZ, = Ba(n). 
PROPOSITION. Thejbre in (**) is totally non-homologous to zero, in the Z,-cohomology. 
Hence we have additively 
H*(Bo(n)) = H*(BU(n)) @ H*(BZ,) = Z,[u’, . . . , u’“] @ Z,[o’] 
with degree ui = i, degree v1 = 1. 
For the proof it suffices to show that the Poincare polynomial P(Bn(n); t) of the total 
space of (**) is the product of the Poincart polynomials P(BU(n); t) and P(BZ,; t) of the 
base and the fibre of (**), cf. Bore1 [l]. To verify this we consider the following diagram 
where O(n) and Q(n) denote the maximal abelian subgroups of type (2,2, . . . , 2) of o(n) and 
U(n), respectively : 
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U(n)/Q(n>- wMm-- 0 
I I I 
BQ(n) - B&n) - BZ, 
I I I 
BU(n) - BfJ(n) -BZ,. 
The last two rows as well as the first two columns are fiberings. This follows, e.g., for 
the second column from &)/Q(n) = Z, . We therefore have the following relations for the 
PoincarC polynomials: From the third row and the second column: 
P(Ba(n); t) I P(BU(n); t) * P(BZ, ; t) and P(B(&); t) I P(BU(n); t) * P(fi(n)/6(n>; t). 
Since in the first column and in the second row the fibre is known to be totally non- 
homologous to zero (Bore1 [l]) we have in these cases for the corresponding relations of the 
Poincare polynomials the equality sign. This implies equality also for the relation of the 
polynomials associated with the fibration (**). 
A.2 U(n) c SO(2n) if and only if n is even. BSO(2n) is a twofold covering of BO(2n). 
Denote by u’i the l-dimensional Stiefel-Whitney class of this covering. Then, if i : Bn(n) -+ 
BO(2n) is the inclusion, we have SHIV’ = 0, for n even, and=vr, for n odd. 
We call a real 2n-vector bundle !,’ = i2” a o(n)-bundle if its structure group is reduced 
to a subgroup of 6(n). Let 
(***) f: B(5) -+ Be(n) 
be the characteristic map of the base space B(i) of 5 into the classifying space BUT(n) of the 
a(n)-bundles. Thenf’*v’ E H’(B([)) is the obstruction for reducing the structure group of c to 
a subgroup of U(n). 
The elements f *uzi EH *‘(B(i)) are called Chern classes of J!,‘. 
Iff *z? # 0 then for n odd, c*” is non-orientable whereas for n even it can be orientable 
or not. 
Considering the Z,-bundle (*) we see that the characteristic map (***) determines a 
twofold covering B”(c) of B(5) which is the base space of a U(n)-bundle. 
A.3 Recall that U(1) c U(n) consists of the elements which are carried into itself or into its 
complex conjugate under conjugation by the elements of n(n). 
We consider now the cyclic group of order Q, Z, , in the usual way as subgroup of U(1) 
and therefore also as subgroup of 6(n). Let p be an integer with 0 < p < q. Then we define 
the e2”Pi’4-action on the complex n-space C” and its conjugate p as the action under which a 
generator of Z, operates by multiplication with e2npi’q. 
This does not determine the action in a unique way, however, the unit disc D2n and the 
unit sphere S 2n-1 = aa2n of R*” E C” g p are carried into itself by any of these actions and 
their quotient spaces, denoted by D2”/Z, and S*“-i/Z, respectively, are well-defined up 
P 
to an isomorphism. 
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PROPOSITION. Let p’/q’ be the irreducible form of p/q. 
(i) If4 1 q’ then H *(S 2n-1/Z,J = A[ul] 0 Z,[b”]/{(b’)” = O}. 
(ii) If2 1 q’ but not 4 1 q’ thPen 
H*W- l /Z,) = Z,[c’]/{(c’)‘” = O}. 
(iii) If2J’q’ then H*(S 2”-‘,Z,) = Z2[d2”-‘]/((d2”-1)2 = O}. 
P 
The upper index denotes the degree. 
This is well-known. The result may beviewed as the cohomology of H *(BZ,,) = H *(Zq,), 
up to dimension 2n - 1, cf. Bore1 [2]. 
COROLLARY 1. Let p’/q’ be the irreducible form of p/q. 
(i) If2 1 q’ then Hi(D2”/Z,, aa2”/Z,) = Z, , for 2 < i 5 2n, and = 0 otherwise. 
(ii) If2,j’q’ then H’( D”/Z,, c36/Z,) = Z, , for i = 2n, and = 0, otherwise. 
The multiplication in Hl(a”‘jZ,, ~a2”jZ,) is trivial. 
P P 
(i) and (ii) follow immediately from the proposition and the exact sequence of the pair 
(F”/Z, ) a D’“/Z,). 
P 
That the multiplication is trivial follows from the observation that D2”/Zq mod as’“/Z, 
P 
is the suspension of S 2n-‘/Z,. Now, the cup product for the suspension &A!, *) of a space 
X with base point * is alwa;s trivial: Indeed, (SX, *) can be viewed as the Thorn space of the 
trivial R’-bundle of X, its Stiefel-Whitney class u~l therefore is 0, hence, for the Thorn class 
u1 the product is zero. 
COROLLARY 2. Let p’/q’ be the irreducible form of p/q. If 2 1 q’ then the Poincark poly- 
nomial of S 2n-‘/Zq is given by (1 - t’“)/(l - t). 
A.4 Let [ = $ be a o(n)-bundle. We denote by iIT and a@ = SC the disc bundle and the 
sphere bundle of [, respectively. 
Let Z, , the cyclic group of order q, be considered as subgroup of U(l), this being the 
subgroup of 6(n) which is, up to complex-conjugacy, the center of fr(n). Let 0 < p < q. Then 
we define the e2”Pi/q-action of Z, on [ by letting a generator of Z, act upon each fibre of C 
by multiplication with elapilq. 
This action is, of course, defined only up to conjugacy of the fibres of [. However, this 
action is compatible with the bundle projection and it carries DC and SC into itself and is 
the identity on the base space B(c) of [. We therefore speak of the quotient bundle of c (with 
respect to the e2npitq- action of Z,) and denote it by c/Z,. We also define its disc and its sphere 
bundle, al/Z, and SLJZ,, which can be identified with the quotients of the disc and the 
P 
sphere bun&e of [ under the e2npi/q-action f Z, . 
The fibres of SC/Z, are lens spaces. 
P 
THE SPACE OF CLOSED CURVES ON THE SPHERE 411 
LEMMA. Let PI/q’ be the irreducible form of p/q. Consider the lens space bundle 
P-‘/Z,> s(~z”lz,)pI-B(~z”). 
P P 
If 2 1 q’ then the fibre is totally non-homologous to zero. More precisely, 
(i) If 4 1 q’ then H *(S[“‘/Z,) is an H *(E(c))-algebra with two generators, a1 and b2, 
P 
satisfying the relations 
(a’)2 = 0 and $ (b2)“-‘pr*u2’ = 0. 
Here, i*a’ and i*b2 are generators of the cohomology of thejibre and the uzi are Chern classes. 
(ii) If 4 $4’ but 2 1 q’ then the same holds except that this time there is only one generator, 
cl, satisfying the relation 
8 (ci)2n-2rpr*U2i = 0. 
Here, i*c’ is the generator of the cohomology of theJibre and the uzi are Chern classes. 
The upper index always denotes the dimension. 
We prove the lemma for the universal (S2”-l/Z,)-bundle over Be(n): 
- Pr 
(+) S2”-‘/Z,iB(U(n - 1) x ZJ-----+ BO(n). 
P P 
Here, N denotes the extension of degree 2 by the element E, cf. gA.1. Clearly, 
S2nu2/Z, = U(n)/mq = U(n)/U(n - 1) x Z, . 
P P P 
We factor pr in (+) as follows: 
B(iT(n-_) 
Pll Y Pn 
-B(U(n - 1) x U(l))---+ B6(n). 
P 
We know already that 
H*(Bf5(n)) = Z2[u2, . . . , u~“-~, u2”] &I Z,[B’] and 
H*(B(G)=(I))) = Z,[u”“, . . . , i?‘“-‘1 @I Z,[fi’] @I Z,[ii”]. 
Moreover, 
pr2*u2 = ii’2 + ~2; pr2*u2i = 6’2’ + ijl2’-2$2, 1 < i < n; 
pr2*u2n = p-2$2; pr,*g = 5’1. 
This follows from the fact that the uzi can be written as symmetric functions, cf. Bore1 [I]. 
The fibering 
i’ 
WY&f 
P’ 
- BZ,.LBU(l) 
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has a fibre which is totally non-homologous to zero. Hence, 
pr’“: H*(BU( 1)) = Z2[fiz]--+ H*(BZ,,) is injective and 
i’* : H*(BZ,,) -+ H*(U(l)/Z,t) = z,[a”]/{a”)2 = O} 
P) 
is surjective and kernel i’* = image pr’*. 
Let now 4 14’. Then H*(BZ,,) = A[a’] @ Z,[b’] and 
H”(SZ”-1 /Z,) = A[a”‘] 0 Z,[~‘]/{(b’)” = 01. Therefore, pr’*G* = b2, i’*a’ = u”, 
P 
From this follows, with H*(B($n - 1) x Z,)) = H*(B(U(n - 1) x Z,)) @ Z,[C’] = 
’ 
P 
z,[i*, . . .) iz2n-2 ] @A[a’] 0 Z,[b’] @ Z,[u’]: 
pr,*$’ = b*; pr,*c’2i = czi, 0 < i < n; pl*$’ = 0’. 
Therefore: pr*u* = C2 + b*; pr*u*’ = Czi + G2i-2b2, 1 < i < n; 
p,.*u*” = u”+zb*; p,.*fi’ = U1. 
By eliminating the Czi, 0 < i < n, we get the relation for b2. 
Moreover, (a’)’ = 0. And finally, i*u’ = a”‘, i*b2 = 6’. This proves (i). 
In the case 4 ,j’q’ and 2 I q’ we have H *(BZ,,) = Z,[c’] and H*(S *“-l/Zq) = 
P 
Z,[2’]/{(Z’)‘” = O}. Hence, pr’*E’ = (cl)‘, i’*c’ = a”. From this follows, with 
H*(B(U(n - 1) x ZJ = Z,[u”‘, . . . , C2”-2] @ Z,[c’] @ Z,[u’]: 
P 
pr,“$*= (cl)*; p-F cIzi = Gzi, 0 < i < n; pl*c” = u*. 
Therefore: pr*u* = u”’ + (cl)‘; pr*u*’ = 8” + i72i-2(c’)2, 1 < i < n; 
pr*uzn = ~2”-2(c1)2;pr*~’ = LG. 
By elimination of the z’Izi, 0 < i < n, we get the relation for cl. 
Finally, i*c’ = cl. This proves (ii). 
A.5 With these results we can now determine the Z,-cohomology of the Thorn space 
T[““/Z, of the lens space bundle 1’“/Z,: 
P P 
THEOREM. Let 5 = c2” be a a(n)-bundle on which the cyclic group of order q, Z,, con- 
sidered as subgroup of n(n), is operating with the e2npi’q- action. Let c/Z, be the quotient bundle. 
P 
Let p’/q’ be the irreducible form of p/q. 
(i) v2 14’ then H *(T~2”/Z,) =; u’ u H*(B([)), with u’ u us = 0. 
(ii) rf 2 $4’ then H*p(T[2”,Z$ = H*(T[*“) = u2” u H*@(C)), with u*” v u*” = 
)p v u2”, IV*” the 2n-dimekional Stiefel- Whitney class of 1’“. 
The proof of (ii) is well-known. We therefore restrict ourselves to the proof of (i), 
i.e. 2 I q’. 
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For that purpose we consider the following commutative diagram. Here the rows 
represent the exact cohomology sequence of the pairs (DC/Z,, aD[/Z,) and (a”‘/Z,, 
c~D’~/Z,), where the latter pair is the typical fibre of the first pa?r which “,, identify witi the 
Thorn space TLJZ, The columns represent the homomorphism induced from the inclusion 
P 
of the fibre: 
H’- ‘(D[/Z,) - H’- ‘(d&/Z,) - H’(TCIZ,) - HY&IZ,) 
I 
P 
1 
P 
I 
P P 1 
H’-1(~2”/Z,)- H’- ‘(~~2n/Z,) - H’(T~2”/Z,)----+ H’(~‘“/Z,). 
P P P P 
At the places D and 8D, the vertical homomorphisms are surjective, cf. 5A.4. For 
r > 0, H’(D’“/Z,) = 0. Hence, also the vertical homomorphism at T is surjective. That 
means that t;e fibre in T([/Z,) is totally non-homologous to zero. With Corollary 1, (sA.3) 
we therefore get H*(T[/Zz) additively. 
P 
It remains to show that u’ u us = 0. To see this consider the n(n + 1)-bundle 
r = $n+2 = [2”@ 1,, i.e., the Whitney sum of c with the trivial complex line bundle over 
B(5). The e2*pi/q- action of Z, on [ can be extended to such an action on q. 
The Thorn space Tr]/Z, is a suspension. Therefore, if we denote by u’, 2 I r I 2n + 2, 
P 
the elements of H *(TV/Z,) which go under the inclusion homomorphism i”, induced by the 
inclusion of the fibre, %to the base v’, 2 I r < 2n + 2, of the cohomology H*(TD’“+‘/Z,) 
D 
of the fibre then v’ u us = 0. 
Consider now the commutative diagram (r > 0) : 
. 7, 
H'- '(Tr]/Z, , T[/Z,) IE * H’( TV/Z,) 
I 
P P 
i”‘- 1 
I 
iEr b H’(TI;/Z,) 
P P 
i” 
I 
i’ 
l~r-1(T~2n+2 /Z,, Tazn/Z,) jFr + Hr(T~2n+2/Zq) ipr + H’(TD ‘“/Z,). 
P P P P 
For r I 2n, iFr is surjective and all vertical maps are surjective. Hence, iErv’ = U’ are. 
elements in H’(Tc/Z,) such that the i’u’ = u”‘, 2 5 r I 2n, form a basis for H*(TB’“/Z,) 
Therefore, U’ u u’= iEr(u’ u ~9) = 0. 
P 
A.6 We are generalizing (AS), as far as the additive structure is concerned, to the case 
where the action of Z, is not free. More precisely, we consider n(n,)-bundles ci, i = 1, 2, 
such that on their Whitney sum c1 @ c2 Z, is acting in the following manner: A generator 
of Z, operates on cl by multiplication with e2np1i’q and on cZ by multiplication with eznpZifq. 
Whereas this action is defined only up to conjugacy in the fibres of c1 0 c2, the 
quotient space, denoted by cl @ c2 1 Z,, is well-defined, and the same holds for the 
(Pl,PZ) 
associated sphere and disc bundle and the Thorn space. 
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Note that the thus defined (eZnpli’q, eznpzilq )-action of Z, on [r 0 C2 need not to be free: 
indeed, it will not be free if the irreducible forms pl’/ql’ and p2’/q2’ ofp,/q and p2/q are such 
that ql’ is a proper divisor of q2’, or vice versa. 
The goal of our section is to show that, even in the general case, the result of (AS) 
does still hold, at least additively: 
THEOREM. Let on the Whitney sum iI @I c2 of the o(nJ-bundles ii, i = 1, 2, over B be 
given a (e2np1i’q, eZnpziiq)-action of Z,. Let pi’iqi be the irreducible form of pi/q, i = 1, 2 
Then the cohomology of the Thorn space of [, @ c2 1 Z, is additively given as follows: 
6) 
(ii) 
(iii) 
(Pl,Pd 
Zf ql’ and q2’ both are even: 
(u2 + u3 + . . . + U2”1+2n2) u H*(B). 
Zf only q2’ is even : 
u”‘l u (u2 + u3 + ..- + IL”‘>) u H*(B) 
If ql’ and q2’ both are odd: 
u2nl +2n2 ” H*(B). 
It clearly suffices to prove (i) since the action of a group of odd order on [r is homo- 
logically the same as the identity action and the Thorn space of [r @ c2 / Z, is homo- 
(4, Pd 
logically the smash product of the Thorn space of the summands and the homology of the 
Thorn space of the second summand is determined in (AS). 
We assume therefore now: qi’ = 2’i qic, ri > 0, qi” odd, i = 1, 2. Letting Z,; act on the 
first summand and Z,; act on the second summand and observing again that the action 
of a group of odd order is homologically the same as the identity action, we can restrict 
ourselves now to the following case: 
q = 2’2, p1=2”12’2, p2=1. 
From the proof of Theorem (A.5) we see that it suffices to prove that the fibre 
S2n1+2nz-1 1 Z, of S([i @ c2 1 Z,) is totally non-homologous to zero. 
(PI.Pd (PL,PZ) 
To see this, we consider the quotient map 
(SK, 0 i,z,,/p,&“, a2 / Z,N -+ Nil 0 iZ(/ ,cJ> SK2 / Z,N 
PI t 
which is induced on the pair on the left hand side from the (e2nip1fq, e2”i’q)-action of Zq on 
cl @ {2. This map obviously induces a bijective homomorphism in homology. Since the 
inclusion of the fibre (S2”1+2”2-1 1 Z,, SZn2-l / Z,) of the pair on the left hand side 
(Pl,Pr) 
determines an injective homomorphism in homolzgy, the same is true for the inclusion of 
the fibre (S2”1+2”2-1 / Z,, S2n2-1 1 Z,) of the pair on the right hand side. 
(Pi,l) 
If we now consider the exact homology sequence of the pair on the right hand side as 
well as the exact homology sequence of the fibre of this pair, we know that the inclusion of 
the fibre determines an injective homomorphism in homology for the pair as well as for 
the subspace, hence also for the total space. 
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